The authors consider the higher-order nonlinear neutral delay difference equation
Introduction
Difference equations of the form A m |j n -m+ i + py n -m +i-k\ + q n y n -i = 0 (e) are commonly called delay difference equations of neutral type, and have been studied by a number of different authors in the last few years (see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and the references contained therein). Here k and / are nonnegative integers, m is a positive integer, p is a constant, and \q n } is a sequence of real numbers. Equations of this type arise in a number of important applications including problems in population dynamics when maturation and gestation are included, in "cobweb" models in economics where demand depends on current price but supply depends on the price at an earlier time, and in electrical transmission in lossless transmission lines between circuits in high speed computers.
164 JohnR.Graefetal [2] From the study of such equations, it is known that the value p = -1 behaves as a bifurcation point for the behavior of nonoscillatory solutions of (e) (see, for example, [3] and [5 -10] ). That is, the nonoscillatory solutions behave in a considerably different fashion depending on whether p > -I or p < -1. In particular, it is known that for q n > 0 and m odd, if p > -1 all nonoscillatory solutions converge to zero as n ->• oo, while if p < -1 any nonoscillatory solution {y n } satisfies \y n \ -> oo as n -> oo. On the other hand, if m is even and again q n > 0, for p > -1 all nonoscillatory solutions converge to zero, and for p < -1 bounded nonoscillatory solutions converge to zero as n -• oo. Moreover, examples show that it is possible to have unbounded solutions in the latter case.
For the case of equation (e) with q n < 0, nonoscillatory solutions satisfy y n ->• 0 or \y n \ -> oo if m is even and -1 < p < 0, while \y n \ ->• oo if m is even and p < -1. With m odd either y n -» 0 or \y n \ -*• oo if -1 < p < 0 and bounded nonoscillatory solutions converge to zero if p < -1. It is possible to construct examples illustrating all these types of behaviors.
In this paper we examine the solutions of nonlinear equations of this type with p replaced by a sequence which is allowed to oscillate about the value -1 in some regular fashion. In another direction, the study of the asymptotic behavior of solutions of (e) often requires that the sequence [p n ] satisfies either p n > 0 or p n < 0 (again see [1 -12] ). Here, we also examine the case where the sequence {/?"} has arbitrarily large zeros. Our results appear to be new even in the case where F is linear. We illustrate our results with examples, and make some suggestions for further research.
Asymptotic behavior of solutions
We consider the nonlinear neutral delay difference equation [3]
Oscillatory and asymptotic behavior 165 u n > 0 («" < 0) and liminf^oo \u n \ > 0, then
For notational purposes, we shall let
The following lemma will be used in proving the main results in this paper. 
] is monotonic and
A'z n -• 0 as n -> oo and A'z n A' +1 z n < 0 (A)
then either {A'z n } is decreasing (increasing) [increasing (decreasing)} with (2) holds and m is even, then z n < 0 (z n > 0) {> 0 (< 0)}. //(A) holds and m is odd, then z n > 0 (z n < 0) {< 0 (> 0)}.
REMARK. The parts of this lemma appear as parts (c) -(f) respectively of Lemma 1 in [10] .
For our first result, we are interested in the situation where the sequence [p n } is allowed to oscillate about the value -1. We ask that this behavior occur in a regular fashion, and in fact, we say that the sequence {/?"} has property (S) if:
for every /z, > N o there exists N > n t with the property that for each fixed n with N < n < N + k there is a (S) nonnegative integer M n such that p n+ M nk = ~Q n > -1.
In all our results we give proofs only for the case when a nonoscillatory solution is eventually positive since the proofs for an eventually negative solution are similar. PROOF. Let{_y n }beaneventuallypositivesolutionof(E),say,>' n _ m+ i_ t > Oandy n _, > 0 for n > N\ for some N t > N o . Lemma l(iv) implies that z n = y n + p n y n -k < 0 for n > N 2 for some N 2 > N\. Since (2) holds and the sequence {/?"} has property (S), there exists N > N 2 with the property that for each fixed n with N < n < N +k there is a nonnegative integer M n such that 0 > p n +M n k = -Qn > -1. Hence, for each fixed n with N < n < N + k
and so Iterating this inequality, we obtain
as j ->• oo. Since for each fixed n with N < n < N + k, we have y n+/t -> 0 as / -> oo, it follows that y n -» 0 as n -> oo.
Our next result is for the case where {/?"} has arbitrarily large zeros. 
for all n > N o -The following lemma provides some additional information on the behavior of the nonoscillatory solutions of (E). Our next theorem is just for the case S = + 1 ; in it we allow {/?"} to oscillate about 0. THEOREM 7. Suppose S = +1, condition (3) holds, and there exist P 3 and P 4 such that
Ifm is odd, then every nonoscillatory solution {y n } of(E) satisfies y n -> 0 as n -> oo.
If m is even, then any nonoscillatory solution is bounded; in addition, if P
PROOF. Suppose {y n } is a nonoscillatory solution of (E) with y n _ m+l _ k > 0 and >>"_/ > 0 for n > N > N o . First note that (5) implies (4), so by Lemma 4, either (A) or (B) holds. If (B) holds, then -y n -k < z n -> -o o as n -*• oo and so y n -> oo as « ->• oo. But y» = z n -p n y n -k < -P 3 y n -k < >>"_* which contradicts the fact that y n -*• oo as n -*• oo. Therefore (A) holds.
Suppose that mis odd. ByLemmal(ii), z n > 0, and since (A) holds, ^^F O ' , y,_/) converges. As in the proof of Lemma 4, this implies that y n -> 0 as n -»• oo.
If m is even, Lemma l(ii) implies that z n < 0, and this in turn implies that p n must eventually be negative. If lim sup n _ fOO y n = oo, then there exists an increasing sequence {m n } with m n -> oo as n ->• oo such that p n < 0 for n > m u y mn -> oo as n -> oo, and ^ = max{>>, : N t < i < m n ). Hence, z mn = >-Wn + p mn y Mn -k > y mn + Pm n ym n = [1 + Pm n ]y mn > 0. This contradicts z n < 0 for sufficiently large n. Thus, limsup n^.oo y n < oo, and so {y n } is bounded. Finally, if P 3 > -1, we have y n < -p n y n -k 5 -Piyn-k, and iterating, we obtain j n -> 0 as n -> oo.
Our final result is a consequence of Theorem 7 for the case when m is odd. As discussed in the introduction, solutions of the equation
behave in a considerably different fashion depending on whether p > -I or p < -1.
The following corollary completes the picture by considering the case p = -I. [7] Oscillatory and asymptotic behavior 169
Examples and suggestions for further research
The where k is an odd integer, y is an odd positive integer, and / is an even integer satisfies the hypotheses of Theorem 2. The sequence {y n } = {(-1)"} is an oscillatory solution of (Ei). On the other hand, consider the equation where k is even and y > 0 is the ratio of odd positive integers, the hypotheses of Theorems 5 and 6 are satisfied if (i) 5 = +1, m is odd, and / is even, or (ii) <5 = -1, m is even, and / is odd. We have that \y n \ = {(-1)"} is an oscillatory solution of (E 9 ). significant interest. Another suggestion is to study the effect of modifying property (S) on the sequence {/?"} so that p n+Mn k = -Qn < -1 and examining the effect on the behavior of the nonoscillatory solutions especially in the cases where 8 = + 1 and m is odd or S = -1 and m is even.
